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20.  Abstract  continued. 


-asymptotic  directions.  Using  these  properties  some  results  are 
given  for  the  system  of  N Sturm- Liouvi lie  problems  which  share 
only  the  parameters  . Sharp  results  are  given  for  the  system 
of  two  problems  sharing  two  parameters. 


The  eigensurfaces  for  a single  problem  are  closely  related  to 

the  cone  K = {X  e]RN:  X^fx)  + ...  + *NaN(x)  < 0 for  all  x 

in  [0,1]},  particularly  in  questions  of  boundedness.  The  cone  K 
and  related  objects  are  discussed,  and  a result  is  given  which 
relates  cones  with  two  oscillation  conditions  known  as 
"Right -Definiteness"  and' Left -Definiteness". 
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STURM- LIOUVI LLE  PROBLEMS  WITH  SEVERAL  PARAMETERS 


LAWRENCE  TURYN 


ABSTRACT 


We  consider  the  regular  linear  Sturm-Liouville  problem  (second- 
order  linear  ordinary  differential  equation  with  boundary  conditions 
at  two  points  x = 0 and  x = 1,  those  conditions  being  separated 
and  homogeneous)  with  several  real  parameters  X . Solutions 

to  this  problem  correspond  to  eigenvalues  X = (X^,...,X^)  lying 
on  surfaces  in  1R^  determined  by  the  number  of  zeroes  in  (0,1)  of 
solutions.  We  describe  properties  of  these  surfaces,  including: 
boundedness,  and  when  unbounded,  asymptotic  directions.  Using  these 
properties  some  results  are  given  for  the  system  of  N Sturm-Liouville 
problems  which  share  only  the  parameters  X.  Sharp  results  are  given 
for  the  system  of  two  problems  sharing  two  parameters. 

The  eigensurfaces  for  a single  problem  are  closely  related  to 
N 

the  cone  K = (X  e 1R  : X^a^(x)  + ...  + X^a^(x)  < 0 for  all  x in 
[0,1]},  particularly  in  questions  of  boundedness.  The  cone  K and 
related  objects  are  discussed,  and  a result  is  given  which  relates 
cones  with  two  oscillation  conditions  known  as  "Right-Definiteness" 


and  "Left-Definiteness". 
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Section  1:  The  regular  Sturm-Liouville  problem  with  separated, 
homogeneous  boundary  conditions  has  been  thoroughly  studied.  Re- 
cent authors  have  considered  the  generalization  of  this  problem  in 
which  there  are  eigenvalue  parameters  X^,...,Xjj  instead  of  a 
single  parameter.  This  problem  consists  of  the  equation 


(1.1. N) 


Cpy ' ) ' + (A1a1(x)  + ...  XNaN(x)  + q (x) ) y = 0, 


x £ [0,  1],  ' = t—  , along  with  the  boundary  conditions 


(1.2) 


cos  ot  • y (0)  - sin  u-p(0)y'(0)  = 0 
cos  B*y(l)  - sin  B*p(l)y'(l)  = 0, 


To  make  the  problem  regular  we  assume  that  p ,q ,a^ , . . . ,a^  are 
continuous  and  real-valued  and  that  p is  positive  and  con- 
tinuously differentiable.  To  make  the  eigenvalue  problem  non- 
trivial we  will  always  assume  that  at  least  one  of  the  a j ' s is 
not  identically  zero.  Sometimes  we  will  call  the  a^'s  the 
coefficients . 

We  will  discuss  the  problem  (l.l.N),  (1.2),  and  then  we  will 
apply  our  results  to  a system  of  regular  Sturm-Liouville  problems 
which  share  the  same  parameters  X ,...,X^.  The  results  for  the 
system  are  part  of  Multiparameter  Oscillation  Theory. 

For  a non-trivial  solution  y(x;X)  of  (l.l.N)  we  define 
the  oscillation  number  as  the  number  of  zeroes  in  (0,1)  of  the 


i 


2 


0 N 

function  y(x;X).  We  define  sets  = (X  £ IR  : there  is  a 

non-trivial  solution  y(x;X®)  of  (l.l.N),  (1.2)  having  oscillation 

number  n}.  If  X £ Sfi  for  some  n we  call  X an  eigenvalue . 

A number  n such  that  S = <P  for  n < n and  S * <P  for 

n n 

n > n is  called  the  minimum  oscillation  number.  It  will  be 

proven  in  Theorem  2.3  that  n always  exists. 

0 N 

Define  the  ray  through  a point  0 * X £ ]R  as  the  set 

,^(X°)  = (tX®:  t > 0).  We  will  investigate  the  problem  (l.l.N), 

(1.2)  in  part  by  looking  along  rays;  this  amounts  to  writing 
N 

IR  « (the  unit  sphere)  x [0,°°). 

As  a note  on  terminology,  whenever  a function  is  called 

analytic  we  mean  real -analytic . 

Given  the  functions  a^,...,a^,  notate  X-a(x)  = X^a-^(x)  + 

...  + X^a^(x)  and  define  a cone  K = (X  £ ]R^:  X-a  <0  on  [0,1]}. 

It  will  be  shown  in  Section  3 that  the  eigensurf aces  are  closely 

related  to  this  cone:  Let  Sfi  be  any  non-empty  eigensurface  ; 

then  Sn  is  bounded  if  and  only  if  K = {0}.  Let  us  suppose  now 

that  K * {0},  so  that  S is  unbounded.  Let  t Xm  £ S with 

n m n 

| Xm | = l and  tm  co.  Since  the  unit  sphere  is  compact,  there 
is  a X®  and  a convergent  subsequence  Xm  ->■  X®.  Such  a X^ 
will  be  called  an  asymptote,  and  we  will  say  that  S^  has 
asymptotics  Xm  -*■  X®.  In  Theorems  3.2,  3.3  it  will  be  shown 
that  0 * X°  is  an  asymptote  if  and  only  if  X°  £ 9 de_fn 
For  the  two-parameter  problem  (N  = 2)  it  will  be  shown  in 
Theorem  3.4  that  the  eigencurves  are  asymptotically  parallel  to 
3,  whenever  K * {0}. 

In  Section  4,  we  will  consider  the  system 


(piyi tx±) ) ' + (X1qil(xi)  + ...  + XNaiN(;xi)  + 
cos  “^'y^(0)  - sin  a^'Pi(0)y|(0)  = 0 

cos  Bi*y.(l)  - sin  ^i*PiCl)y|Cl)  = 0, 


i = of  regular  Sturm-Liouville  problems.  For  each  of  the 

problems  there  will  be  surfaces  s\  Notate  A*a^(x^)  = 

X,a.,(x.)  + ...  + X..a...(x.)  and  define  cones  K.  = {A  £ 1R^ : 

1 ir  r N iNl  r i 

A-ai*  < 0 on  [0,1]},  CT  = {A  £]RN:  A-a^  < 0 on  [0,1]},  and 
3.  = 3K..  In  Theorem  4.2  it  will  be  shown  that  when  the  surfaces 

l l 

i ^ 

Sn  intersect  nicely,  for  example  if  there  are  integers  such 

that  flN  * <p  whenever  n.  > N* , i = 1,...,N,  necessarily 

i=  1 n • i-i 

N 

the  cones  intersect  nicely:  ( H j + ^ ^ j ) n 0^  ^int  K^)  * <p , i = 

i = 1,...,N.  For  the  two-parameter  problem,  Theorem  4.5  proves 
1 2 

that  S n S * $ whenever  n.  > 0,  n7  > 0,  as  long  as  some 
nl  n2  1 ’ L 

conditions  on  the  cones  are  satisfied:  3^  n ext  * <P , 
ext  Kj  n 3,  M,  and  a technical  assumption.  It  turns  out  that 
Richardson's  result,  Theorem  4.6,  has  as  its  corollaries  all  other 
results  for  the  two-parameter  problem  which  have  appeared  in  the 
literature.  An  oscillation  result  is  proven  as  Theorem  4.8,  and 
an  example  is  given  which  shows  that  the  result  is  new. 

In  Section  5 the  cones  are  discussed.  Theorem  5.1  states 
that  either  C = <}>  or  C~  = int  K,  and  this  seems  to  be  a new 
result.  In  Theorem  5.2  a linear  algebra  result  is  given: 

Assuming  that  ^ condition  known  as  "Left- 

Definiteness"  of  Kallstrom  and  Sleeman  [13]  implies  the  condition 
known  as  "Right-Definiteness". 


h 


* 
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Section  2:  For  the  Sturm-Liouville  problem  consisting  of  an 
equation 

(2.1)  (py ' ) ' + gy  = 0 

along  with  boundary  conditions 


(2.2)  cos  u.y(O)  - sin  a,p(0)y'(0)  = 0 

(2.3)  cos  B‘y(l)  - sin  3*p(l)yT (1)  = 0 

it  is  advantageous  to  make  the  Priifer  substitution  y(x)  = 
R(x)sin  0 (x)  , p(x)y'(x)  = R(x)cos  0 (x)  . Problems  (2.1)-(2.3)  is 
then  equivalent  (see  Coddington  and  Levinson  [2,  pp . 208-213]) 
to  the  problem  consisting  of  the  equations 

(2.4)  R'(x)  = (p(x)’1  - g(x))R(x)sin  0(x)cos  0 (x) 

(2.5)  0 ' (x)  = p(x)  1cos20(x)  + g(x)sin“0 (x) 


along  with  the  initial  condition 

(2.6)  0(0)  = a 


and  the  end  condition 

(2.7)  0(1)  = B (mod  n) # 
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Without  loss  of  generality  0 < ct  < it  and  0 < 3 < ir ; it  will  be 
shown  below  that  without  loss  of  generality  3 > 0. 

At  any  x where  0 (x)  = 0(mod  n)  the  corresponding  solution 
y(x)  has  a zero,  and  vice-versa.  Whenever  9 (x)  s 0(mod  tt) 
necessarily  9 ' (x)  = p(x)  ^ > 0,  so  the  graph  of  the  function 
9 fx)  versus  x can  cross  the  lines  9 3 0(mod  it)  only  in  the  upward 
direction.  From  this  it  follows  that  if  9(Xq)  > kn  for  some 
integer  k > 0 then  necessarily  9 (x)  > k^  for  all  x > x^. 

In  particular,  9(1)  > 0,  so  that  without  loss  of  generality 
g > 0.  We  also  note  that  n^  < 9(1)  < (n+l)n  if  and  only  if  the 
corresponding  solution  has  oscillation  number  n. 

The  most  basic  result  in  Sturm  Comparison  Theory  compares 
the  solutions  of  two  initial  value  problems: 

Theorem  2.1  (Coddington  and  Levinson  [2,  p.  210]):  Suppose  that 
there  are  two  initial  value  problems  of  the  form  (2.5),  (2.6), 
that  is,  choices  Pi’Si,ai  anc*  corresponding  solutions  9^, 
i = 1,2.  If  u2  > o^,  p2  < Pl,  and  g2  > g^  then  02(x)  > e^x) 
for  all  x > 0.  If  further  g2  > g^  except  possibly  at  isolated 
points,  or  if  a ^ > a^,  then  02(x)  > for  x > 0. 

From  tiiis  result  we  can  conclude  that  the  solution  of  the  problem 
which  corresponds  to  (p2,q2,a2)  has  an  oscillation  number  at  least 
as  great  as  that  of  the  solution  of  the  problem  which  corresponds 
to  (Pj.qj.aj). 

Under  a strong  hypothesis  it  is  possible  to  prove  the  existence 
of  eigenvalues  for  the  one-parameter  problem  which  consists  of  the 
equation 
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I 
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(1.1.1)  (py')  ' + (A^+qJy  = 0 

along  with  boundary  conditions  (1.2). 

Theorem  2.2  (Coddington  and  Levinson  [2,  p.  212]):  Assume  that 
a^  > 0 on  (0,1].  Then,  for  every  integer  n > 0,  there  is  a 

unique  eigenvalue  A11  with  the  corresponding  solution  to  (1.1.1), 

(1.2)  having  exactly  n oscillations.  Further,  0(1;A^)  ->-0  as 
A^  -* 

When  g(x)  = g(x,A)  = A*a(x)  + q(x),  A £ 1R^,  we  will  denote 
the  corresponding  solution  of  (2.5),  (2.6)  by  0 (x)  = 0(x;A). 

Theorem  2.2  is  equivalent  to  saying  that  when  N = 1,  a^  > 0, 
there  is  a unique  eigenvalue  A™  with  t3  ( l ; A. ^ ) = n^  + 3. 

For  arbitrary  N it  is  known  that  0(1; A)  is  an  analytic 
function  of  A;  see  Hale  [1,  pp.  21-22] . From  this  we  have 

Theorem  2.5:  The  minimum  oscillation  number  always  exists. 

Proof : Define  the  function  ^ : IR1^  -*■  (0,°°):  A k 0(1;A).  Since 

is  connected,  V(1R^)  is  connected  and  hence  either  a single 

point  or  an  interval,  possibly  infinite  to  the  right.  Since  we 

assume  that  at  least  one  of  the  a.  is  non-trivial  we  can  show 

J 

N 

that  ^ 0R  ) is  an  interval  which  is  infinite  to  the  right:  For 
if  a^(Xy)  is  positive  (exactly  the  same  sort  of  argument  will 
apply  if  a^tXp)  < 0)  say,  then  a^ (x)  is  positive  on  some 
small  subinterval  about  x^.  Thus,  9(XgjA)  + «>  as  A^  -+  « when 

j 
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are  fixed.  It  follows  then  that  'i'(A)  -*■  +0°  as 

A^  -*■  00  when  A?,...,A  are  held  fixed  (recall  the  discussion 
on  page  5).  One  then  defines  n*  = mintn  > 0:  n’f  + 3 € 'I'QR^)}. 


The  results  in  Theorem  2.3  has  been  proven  for  the  one- 
parameter  problem  by  Eisenfeld  [3]  and  Faierman  [6]  using  more 
explicit  arguments.  Those  arguments  yield  more  information  about 

the  eigenvalues  for  the  one-parameter  problem,  for  example  that 
there  is  a sequence  An  € S that  is  monotonic,  i.e. 


An  < An  + 1 


for  n > n * , or  A 11  < A1 


for  n > n . 


To  close  this  section  we  will  discuss  the  convexity  of  the 

N 

eigensurf aces . A region  R c:  ]R  is  called  convex  if 
tA  + (l-t)u  £ R whenever  A,p  £ R and  0 < t < 1.  A surface 
S which  is  the  boundary  of  a region  R will  be  called  convex  if  R 
is  convex.  Let  us  define  now  regions  R = (A  £ IR^ : 0(1;  A)  < 
n^  + 3} , and  note  that  S is  the  boundary  of  R . The  following 
example  shows  that  the  eigensurfaces  are  not  necessarily 

convex : 


Example  2.4:  Let  q = 0,  a = 0,  3 = n,  and  consider  the  two- 


parameter  problem 


y" (x)  + A • a (x)y (x)  = 0,  x e [0,1] 


y(0)  = y(l)  = 0 


where  a^(x)  = 1 for  0 < x < j , a^(x)  = 0 for  j < x < 1 and 
a7(x)  = 0 for  0 < x < , ajx)  = 1 for  j < x < 1 . For  con- 
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venience  in  the  calculations  t he  coefficients  a^  chosen  are  not 
continuous.  The  result  of  non-convexity  will  not  be  disturbed  by 
the  discontinuity  of  these  because  these  a^  can  be 

approximated  arbitrarily  well  in  L^CO.l)  by  continuous  functions, 
and  the  angle  function  d depends  continuously  on  the  3j  in 
1^(0, 1)  . 

Take  A1  = (Sn2,0),  A2  = ( 0 , 8 u 2 ) , and  A-5  - (A1  + A2)/2  = 

? 9 

= C 4 7T  , 4 tt  ^ ) = (a  convex  combination).  We  will  show  that 
A2,A“  £ int  R-,  and  that  A2  £ S 7 = 3R7.  We  calculate  the  solu- 
tion y(x;A'-)  = (2T1)  "1sin(2^x)  , so  that  AJ  E Sv  We  also 
calculate  the  solution 


y ( x ; a 1 ) = 


w 2 s i n (w  x ) 


, 0 < x < - 


w 1sin(uj/2)  + cos(^/2)-(x  - y)  , \ < x < 1 


where  <*> 


3/2  1 

: from  which  we  conclude  that  y(x;A  ) 


exactly  one  zero  on  (0,-^-]  and  docs  not  vanish  on  (i,  1],  So 

z 

1 7 

A £ int  R?.  One  can  conclude  the  same  for  A“. 


A 
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Section  3:  For  the  N-parameter  problem  (l.l.N),  (1.2)  the  eigen- 

N 

surfaces  are  closely  related  to  the  cone  K = (X  £ 1R  : 

X*a(x)  < 0 Vx  £ [0,1]}.  Recall  that  X ^ , |X®|  = 1,  is  an 
asymptote  for  S if  there  exists  a sequence  £ S , 

| X m | = l,  tm  ->  »,  with  Xm  ->•  X®.  Let  be  any  non-empty 

eigensur face . Then  (i)  is  bounded  if  and  only  if  K = {0}, 

and  (ii)  0 * X®  is  an  asymptote  for  Sn  if  and  only  if 
X°  £ a = 9K. 

Part  (i)  will  be  proven  in  Theorems  3.1,  3.3,  and  part  (ii) 
will  be  proven  in  Theorems  3.2,  3.3. 

Define  x(X)  = max  T-a(x).  Note  that  x ( • ) is  continuous, 
0<x<l 

because  Xm  -*  X®  implies  Xm-a  -*■  X^-a  uniformly  on  [0,1],  and 
note  also  that  X £ k if  and  only  if  x(X)  < 0. 

Theorem  3.1:  K = {0}  implies  that  every  non-empty  is  bounded. 

Prop f : K = {0}  implies  x(X)  > 0 for  all  X * 0,  in  particular 
for  all  | X | = l.  Since  the  unit  sphere  is  compact  and  x(-)  is 
continuous,  there  is  a x^  > 0 such  that  x(X)  > for  all 

I X | = 1. 

Suppose  now  that  there  is  an  n with  S_  unbounded.  Let 

n 

tmXm  £ S_  with  t -*■  " and  |Xm|  =1.  By  taking  a subsequence, 
n 

we  may  assume  that  Xm  -*■  X®  for  some  |X^|  = 1.  Since  Xm-a 

X 0 ■ a uniformly  on  [0,1],  there  is  an  interval  1^,  of  non-zero 

length,  and  an  integer  M such  that  Xm>a(x)  > x^/2  for  all 

x £ I . and  for  all  m > M.  If  x„  £ int  I„  then  0(xn;t  Xm)  ->  ® 
0 - 0 0 v 0 m ' 
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as  ni  ->  This  implies  that  9(l;t  Am)  as  m -*•  °°  (recall 

the  discussion  on  page  5).  This  gives  a contradiction.  ■ 

Theorem  3.2:  If  A^  is  an  asymptote  then  A^  £ 3. 

& m 

Proof:  For  some  n > n there  is  a sequence  t A £ S with 

|Am|  = 1,  t +°°  , and  A111  ->  A®,  by  the  definition  of 

asymptotics.  First  we  will  show  A^  £ K,  and  then  we  will  show 
that  A^  ^ int  K. 

To  show  that  Al)  e K,  it  will  suffice  to  show  that  T(Ani)  -*•  0 
as  m -*■  oo . Assume  to  the  contrary  that  there  is  a 6 > 0 and 

in  * 

subsequence  m’  with  t(A  ) > 6.  Just  as  in  the  proof  of 

m * 

Theorem  3.1  we  can  conclude  that  0(1;  t ,A  ) -*■  °°  as  m'  -*• 

m 

giving  a contradiction. 

Next,  we  will  show  that  A()  $ int  K:  Let  so 

0 * 0 
that  0(l;u  ) = n n + 3.  Translate  the  parameters  by  y and 

consider  the  equation  (py ' ) ' + (A*a  + (y^-a+q))y  = 0 along 
with  boundary  conditions  (1.2).  Let  0(x;A)  be  the  corre- 
sponding angle  function  for  this  problem,  and  note  that  it  has 
eigenvalues  A = t Am  - y^  = t (A  - t ^y^1)  . Define  the 
sequence  ym  = Am  - t ^y(),  and  note  that  it  has  the  same  asymptote 
A0  as  does  the  sequence  Am.  In  other  words,  a translation 
does  not  affect  the  asymptotics. 

So  let  us  suppose  that  A ® £ int  K . We  note  that  A £ int  K 
implies  that  A -a  < 0 with  inequality  somewhere  on  [0,1],  and 
this  implies  that  0(1;A)  < 0(1;O)  by  comparison  theory.  (To 
see  this,  use  Theorem  2.1  (Comparisons)  on  a small  subinterval 
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(Xq.x^  on  which  X-a(x)  < 0 so  that  OO^X)  < 6 (x,  ; 0)  . Then 
use  Theorem  2.1  on  the  subinterval  (x-^,1]  with  0(  • ;X)  having 
smaller  initial  data  then  0(-;O).)  Since  X°  e int  K and 
Mm  -*■  X°,  eventually  u'n  £ int  K,  so  that  eventually 

0(1;  tmXm)  = J (1 ; tmMm)  < 0(1;O)  = t»(l;n°)  = n*n  + 0 < nn  + 6 . 

This  gives  a contradiction  with  t Xm  e S . 

m n 

Theorem  5.3:  k * {0}  implies  that  every  eigensurface  is  un- 
bounded (lienee  has  asymptotics)  and  that  Xl)  is  an  asymptote 
whenever  |X()|  = 1 and  Xl)  e 3. 

Proof:  Let  n*  be  the  minimum  oscillation  number.  First  we 

will  discuss  S lor  n > n , and  then  S . will  be  discussed 
ii  n* 

in  two  distinct  cases. 

Recall  that  i#(X)  = { tX : t > 0}.  Since  t(X)  < 0 if  and 

only  if  X £ K,  for  any  fixed  X 6 ext  K there  exists 

n*(X)  = mintn  > 0:  S n i?(X)  * l>}  < °°.  As  in  the  proof  of 

Theorem  2.3,  X £ ext  K implies  S D i#(X)  * ip  for  all 
n > n*(X),  by  using  the  distance  along  tlie  ray  as  the  only  para- 
meter. 

Let  us  assume  that  the  parameters  have  already  been  trans- 
lated by  a M (1  £ S^*,  as  was  done  in  the  proof  of  Theorem  3.2, 
so  that  0(1; 0)  = n n + 3.  This  translation  in  no  way  affects 
the  existence  of  asymptotics. 


i: 


h 


Choose  any  X®  € 3 for  which  |Xl'|  = 1;  this  is  possible 
because  K * {0}.  Choose  any  sequence  Xm  -*■  X1'  with  |Xm|  = 1 
and  Xm  € ext  K;  this  is  possible  because  k must  be  contained 
in  a half-plane.  We  will  show  that  for  any  fixed  n > n*  there 

is  a sequence  t >0  with  t Xm  £ S , after  which  it  will  be 

easy  to  show  that  necessarily  t -*■  +°°  so  that  X^  is  an 

asymptote . 

To  show  the  existence  of  the  t , it  suffices  to  show  that 

m 

n*(Xm)  < (l  + n*)  Vin,  because  the  set  {©(l;tXm)  : t > 0}  is  for 

each  fixed  m an  interval  infinite  to  the  right,  as  in  the  proof 

of  Theorem  2.3.  Let  Y(t)  = max  6(l;tXm),  which  is  continuous 

m 

for  t > 0.  Since  'f'(t)  -*■  n*^  + 3 = o(i;0)  as  t^O*,  there 
exists  t^  > 0 .3.  d(l;tgXm)  < (l+n*)n  Vm. 

Suppose  now  that  we  have  fixed  an  n > n*  and  found  the 
sequence  t^  > 0 with  tn]Xm  e S^,  as  was  shown  to  be  possible 
by  the  arguments  above.  If  t +°°  fails  to  hold  then  there 
is  a bounded  subsequence  ,)  which  can  be  assumed  to  be 

convergent.  Say  that  t >0.  Then 

9(l;tm,Xm')  - Q(l;tX°)  < 0(l;0)  = n*"  + 3 

by  comparison  theory  and  X^  e K.  This  gives  a contradiction 

with  t Xm  £ s , n > n*. 
m n ’ 

To  show  that  the  conclusions  hold  for  n = n*  as  well  as 
for  n > n*  we  will  consider  two  distinct  cases:  (i)  there  exists 

A A 

X such  that  0(1  ;X)  < n*n  + ft,  or  (ii)  there  does  not  exist  such  a X. 

A 

In  case  (i)  we  merely  translate  the  parameters  by  X instead  of 


p ' 1 anil  th i .ii'ovt  work,  with  only  minor  modification. 

In  case  (ii)  necessarily  there  docs  not  exist  a A with  A*a  < 0 
with  strict  inequality  somewhere  on  [0,1],  for  if  there  did  exist 
such  a X then  0(1;A)  < 0(1;0)  = n*n  + 3 by  comparison  theory. 

Because  X £ int  K implies  A*a  < 0 with  strict  inequality  some- 
where on  [0,1],  int  K = ♦ and  K = 3 = {X:  A -a  0 on  [0,1]}. 

But  then  0°+A)  £ S * for  all  A £ 3!  Thus  the  conclusions  also 

hold  in  tlris  case.  ■ 

Bor  the  two- parameter  problem  we  have  cigencurves,  and  we 
can  say  more  about  the  asymptotics  since  the  possibilities  for 
unbounded  sequences  of  eigenvalues  arc,  as  one  might  expect,  more 
limited  than  for  N > 3. 

1 

We  will  say  that  an  unbounded  set  ft  c IR“  is  a sympt ot i ca 1 1 v 
parallel  to  a ray  ^(A1'),  |Xl)|  = 1,  if  for  all  t > 0 there  is  an 

R > 0 such  that  t A £ ft  n { | u | > R)  , |A|  ■ 1,  t>0  implies  that 

0 2 
j X - \ 1 < t. . Suppose  now  that  we  have  a convex  cone  C c 111“.  It 

is  not  difficult  to  see  that  C is  bounded  by  at  most  two  rays, 
so  that  3C  = mP'  U , with  possibly  .M?'  = . We  will 

say  that  a set  S c Dl“  is  asymptot  ica  1 ly  para  I lei  to  3T  ii 
there  are  [non-empty]  unbounded  sets  S',S"  such  that  S is  the  dis- 
joint union  of  S'  and  S"  and  such  that  S'  is  asymptotically 
parallel  to  VP'  and  S"  is  asymptotically  parallel  to  . 

In  defining  "ft  is  asymptotically  parallel  to  a ray..."  we 
do  not  require  that  ft  is  an  arc;  in  fact,  within  the  possibilities 
allowed  by  the  definition  we  may  have  int  ft  * $ or  ft  * (the 
disjoint  union  of  two  arcs). 
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In  the  X-plane  every  non-trivial  vector  A = has 

the  representation  X^  = r-cos  Y , X^  = r-sin  Y,  with  r > 0 and 

0 < 6 <2i'.  With  these  restrictions  the  r,Y  are  uniquely  de- 

2 

fined,  so  we  have  a well-defined  map  Y:  1R“  -*■  [0,2^):  X Y(X). 

Theorem  5.4:  For  the  two-parameter  problem  assume  that  K * {0}. 
Then  every  non-empty  cigencurve  is  asymptotically  parallel 

to  3 * 3K . 


Proof : Let  3 = d & , and  let  X-  be  such  that.^?t  = 

= (tx~:  t > 0},  | A4 | = 1.  It  is  possible  that  - & . 

Let  Y~  = YCX1)  £ [ 0 , 2 tt  ) . Without  loss  of  generality  Y < Y+ . 

Let  n*  denote  the  minimum  oscillation  number,  as  usual.  Let 
m"  6 , so  that  d(l;u(>)  = (n*n+g). 

There  are  only  two  possibilities  for  the  cone  K,  because  it 
is  convex:  case  (i)  K = { t X : t > 0,  Y < Y(X)  < Y+},  or 

case  (ii)  K = { t X : t € JK,  Y(X)  = Y } = 3 = (tX:  t > 0,  y(A)  = 

±Y'(mod  2n)}.  Case  (ii)  can  occur  only  when  a^,a,  are  linearly 
dependent.  If  is  non-trivial,  then  case  (ii)  can  occur  only 

when  3^  is  of  both  signs. 

Case  (ii)  is  simple  and  will  be  discussed  first:  Since  a^ 
is  of  both  signs,  there  arc  eigenvalues  g4,  n > n* , for  the 
one-parameter  problem  which  consists  of  the  equation 
(py')'  + (uaj  + (u  ’a+q)  y = 0 along  with  the  boundary  conditions 
(1.2).  In  fact,  from  Theorem  2.3  (Minimum  Oscillation  Number) 
and  the  arguments  contained  in  the  proof  of  that  theorem 


(see  also  Faierman  [ 6 ))  we  can  conclude  that  for  n > n*  there 
exist  positive  integers  j±(n)  and  eigenvalues  y*  v > 0, 
k = l,...,j+(n)  and  y ' , < 0,  k = l,...,j"(n)  for  this  one- 
parameter  problem.  For  the  two-parameter  problem,  let  be 

non-trivial  and  let  a7  = £• a for  some  i £ E.  Then  the  two- 
parameter  problem  which  consists  of  the  equation  (py1)'  + 

(A i ai+X _,a 7+q) y = 0 along  with  boundary  conditions  (1.2)  has 
"eigencurves" 

sn  - CUi:{n)^°  " *1  * ‘-X2  ■ %,k» 

u (Ui;<n)(M°  * cq,*2):  Aj  * i-x2  - wn>k)) 

for  n > n , i.e.  a finite  union  of  straight  lines.  Also, 

y ^ + 3 = (y^  + y:  y £ 3}  cz  . In  fact,  all  of  these  straight 

lines  are  parallel  to  3 = (a  straight  line),  and  the  straight 

line  y°  + 3 divides  S into  two  groups  of  straight  lines  for 

n > n*.  Of  course,  this  is  an  unusual  case!  If  we  define  regions 

R_  = { tA ; t > 0,  Y*  - (n/2)  < y(A)  < y'  ♦ (*/2) , (mod  2tt)  } , 

2 + 

R+  = IR^R  , and  denote  S = fl  R+ , then  we  have  a decomposition 

S = S+  U S , as  desired  in  the  conclusions  of  this  theorem, 

n 

Let  us  consider  case  (i)  now.  From  the  discussion  within 

A 

the  proof  of  Theorem  5.3  we  can  conclude  that  there  is  a A with 

0(1;A)  < (n*11*^).  Fix  now  any  n > n*.  Let  Am,~  be  chosen 

such  that  |Am,±|  = 1 and  Y(Am,±)  = y±-(1±-^)-  (Here  we 

assume  that  Y > 0,  which  can  be  accomplished,  if  necessary  when 

2 ♦ 

Y = 0,  by  a small  rotation  of  IR  while  leaving  Y < 2 tt . ) Note 


:t~r  v . 


• ---- 
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that  Am,+  € ext  K.  By  the  arguments  in  the  proof  of  Theorem  3.3, 

there  exist  t > 0 such  that  pm,“  ^e£n  (A  + t Am,“)  € S , 
m , ± m,  ± n 

m > 1,  and  necessarily  t _ -*  °°  as  m ->  °°,  e = + or 

’ m , e 

Define  now  R = {A  + tA;  t > 0,  0 < Y(X)  < y }, 

R+  = (X  + tX:  t > 0,  Y+  < Y C X ) < 2 ^ , and  denote  S'  = (1  R+. 

Because  W(1;X  + X)  < 0(1;A)  < (n*rc+g)  whenever  Y < Y(X)  < Y+, 
we  have  n { t X : t > 0,  Y 5 Y(X)  < Y+}  = <P . So  S^  = S+  U S , 

and  Se  is  unbounded  for  e = + or  If  we  can  show  that  S 

is  asymptotically  parallel  to  & , then  the  same  arguments  will 

4*  4 

show  that  S is  asymptotically  parallel  to  , and  the  proof 

will  be  complete. 

Suppose  to  the  contrary  that  S is  not  asymptotically 
parallel  to  id  . Then  there  is  a sequence  ^+tm^  ) e S with 
I Xm I = 1 t > 0,  t ■+  +°°,  and  (Xm+t  *X)  X . This  implies 
that  Am-/-A".  Since  the  unit  sphere  is  compact,  there  is  a 

, q 

convergent  subsequence,  say  X ->  X . By  Theorem  3.2,  either 
A11  = X+  or  X^  = X . By  the  definition  of  S , Y(Xm)  < Y . 

Because  of  this  Y(X°)  £ [ 0 , Y ].  This  shows  that  Y(X°)  = Y ; 
since  |A(1)  = 1,  necessarily  X°  = X . This  gives  a contradiction, 
and  completes  the  proof  of  the  theorem.  ■ 

Other  work  on  asymptotics  can  be  found  in  Faierman  [7-9]. 
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Section  4:  Let  us  define  for  a given  problem  (l.l.N),  (1.2)  the 

minimum  distance  Pn  = min^£S  | A j for  n > n* . It  is  not 

n 

difficult  to  show  that  the  minimum  distance  is  always  achieved, 
i.e.  there  exists  An  £ Sn  with  Pn  = |An|  , by  using  the  repre- 
sentation tA , | A | =1,  for  all  elements  of  S . We  have  also 


Lemma  4.1:  p -*■<*>  as  n -*-  °°. 

n 

Proof : If  not,  there  is  a subsequence  n ' -*■  « and  eigenvalues 

n » t 

A € S , with  |A  | = p , bounded.  Since  there  are  con- 

n t 

stants  k < °°,  Pq  > 0 such  that  k > |A  *a(x)  + q(x)|  for  all 
n'  and  for  all  x in  [0,1]  and  pfi  < p(x)  for  all  x in  [0,1], 
we  have  0(l;\n  ) < (k/p^)  + ri  for  all  n',  by  Theorem  2.1 

(Comparisons).  This  gives  a contradiction  with  n'  ■*  °°.  ■ 

Suppose  now  that  we  are  given  a system  of  regular  Sturm- 
Liouville  problems  of  the  form  (l.l.N),  (1.2),  i.e.  for 
i = 1 , . . . , N 


(4.1) 


r 


(piyi (xi)) ' 

COS  u..y.(0) 
cos  3i*yi(l) 


+ 


(ilaU(xi>  * * XNaiN(xi>  * MV)/! 

sin  a.  *Pi  (0)y ! (0)  = 0 

sin  3i*pi(l)y! (1)  = 0. 


0 


So  that  each  of  these  problems  is  regular  we  assume  that,  for 
i = 1,...,N,  Pj ,q^ ,ailt • • . ,a are  continuous  and  real-valued 
and  that  p ^ is  positive  and  continuously  differentiable.  Recall 
the  notation  A-a.*^)  = X1ail(xi)  + ...  ♦ XNaiN^xi^“  Without 
loss  of  generality 
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we  assume  that  0 < < tt  and  0 < 8^  < ^.  Corresponding  to 

the  i*"^1  problem  in  the  system  is  an  angle  function  0^(x^;X), 
eigensurfaces  S^,  minimum  oscillation  number  n^,  minimum 


distances 

pn’ 

and 

cones  = {X  £ ]R^: 

X •ai*  <0  on  [0,1]}, 

9 . = 3K . , 

1 1 ’ 

and 

c:  = 

1 

(X  £ 1RN : X • a . * < 0 

on  [0,1]}. 

In  this  section,  we  will  discuss  oscillation  theorems  for 
the  system  (4.1),  specifically  the  existence  of  eigenvalues 
X = X^  at  which  simultaneously  each  of  the  problems  in  the 
system  has  a non-trivial  solution.  Often  we  seek  an  eigenvalue 
for  which  the  i^'1  problem  has  a non-trivial  solution  with  a 
specified  oscillation  number  n^,  i = 1,...,N.  The  first  result 
does  not  appear  in  any  of  the  modern  literature: 


Theorem  4.2  (Richardson's  Necessary  Conditions):  Suppose  that 
for  each  i = 1,...,N  there  exists  a sequence  of  integers 

CO 

(n.  } , with  n.  -*•  00  as  m •+  °°  and  such  that 

1 , m m= 1 1 , m 

nN  .S1  * for  all  possible  choices  of  n.  £ (n.  } . , 

i=ln.  ^ 1 1 ,m  m=l ’ 


i = 1,...,N.  Then  necessarily  for  i = 1,...,N 


(4.2) 


cnj  + i3j)  n QRN  intMC.)  * 4>. 


Proof : Tor  convenience  take  i = 1.  Choose  for  each  m an 

eigenvalue 


We 


t X 
m 


m 


e s: 


ll  ,m 


can  assume,  by 


n (flj>2Si.  > with  lXm!  = 1»  tm  - °- 

J 9 

taking  an  appropriate  subsequence,  that 
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Am  -*■  A for  some  A.  = 1.  Since  t>P  as  in 

m - n,  „ 

1 , m 

(because  of  n^  m ->  00  as  m -*■  00  and  Lemma  4.1),  necessarily 
A ^ £ 0.  , 3.,  by  Theorem  3.2.  If  A^  £ int  K.  then  there  is 

j>2  j’  1 1 

an  M > 0 with  Am  £ int  K,  for  all  m > M.  Then  ti(l;t  Am)  < 

1 - m — 

B(1;0)  for  all  m > M,  giving  a contradiction  with  ni  m ^ ® 


We  note  in  particular  that  if  there  arc  integers  NT  such 
that  f|N  ,Sl  * ip  whenever  n.  > N*  , i = 1,...,N,  then  the 

l 

conclusion  (4.2)  still  holds.  The  reader  may  wonder  if  in  (4.2) 

M W 

the  set  QR  ^int  K^)  can  be  replaced  by  ext  = QR  ^K^) . The 
answer  is  no,  because  of  the  following  example:  Let 


a 1 1 ( x i ) al2(xl) 

sin(TrXl) 

COS  (T’X^) 

0 

l 

1 

so  that  = ^*((-1,0))  = (a  single  ray),  K,  = {(A^.A^):  A^  < 0}  . 

We  have  c K~,  so  that  9^  n ext  K-,  = 4>  . But  for  the  system 

y'^Xj)  + (A^sin  ^x^  + A^cos  7txj)y^  = 0 

Yjto)  = y x C l)  = 0 

< 

y'2(xl)  + x2y2  = 0 

y2C°)  = y2(1)  = 0 

there  exists  An,m  £ D for  all  n > 0,  m > 0:  Choose 

n m - 
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xn,m  = with  x1^’111  = (mir)2,  and  find  A^’1"  for  the 

problem  y'^  + (A^’msin  + (ititt)2cos  ffx^)y^  = 0,  y-^(O)  = y C 1 ) = 0. 
It  is  possible  to  find  the  A^’m  by  proving  a stronger  version  of 
Theorem  2.2  with  the  hypothesis  "r  > 0 except  possibly  at 
isolated  points"  replacing  "r  > 0".  It  is  not  too  difficult  to 
prove  this  stronger  version  of  Theorem  2.2. 

At  present  there  are  several  results  known  which  state 
sufficient  conditions  for  the  existence  of  eigenvalues  for  the 
system  (4.1)  of  Sturm- Liouvi 1 le  problems.  We  will  present  these 
results,  prove  Richardson's  theorem  on  sufficient  conditions  for 
the  two-parameter  problem,  show  how  the  other  two-parameter  re- 
sults can  be  deduced  as  corollaries  of  Richardson's  theorem,  and 
present  a new  N-parameter  result  which  is  not  covered  by  results 
previously  found  in  the  literature. 

Define  | A | (x^ , . . . , x^)  = det (a ^ ^ (x^) ) ^_^  and  the  minor  sub- 

j = l 

determinants 


* c 

3 Lj  (x 


1’ 


, X . 


, X . , , X..) 

’ i+l’  N' 


C-15i+j  det(ars(xr)>r.i 

S*j 


known  as  the  "cofactors".  Define  Right-Definiteness  as  the 
condition  that  |A|(*)  be  sign-definite  (either  always  positive 
or  always  negative).  Define  Left -Definiteness  as  the  two  conditions 


(4.3)  q ^ < 0,  a ^ < tt/2  < £L,  for  i = 1 , . . . , N 
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i 

*| 

f 


1 


(4.4)  There  exists  £ JRiNI  such  that  > 0 for  i = 

I 

Theorem  4 . 3 (Faierman  | 5,  Chapter  2],  Ince  (12,  P P - 24  8-  251  ]):  If 
Right  - Definiteness  holds  then  for  all  choices  of  n.  > 0 there  is 

l - 

a unique  X £ nN'=isi  . 

1 1 

Theorem  4.4  (Kail strom  and  Slecman  [13],  Sleeman  [19,20]):  If  Lcft- 

Definiteness  holds  then  there  exist  inf initely-many  N-tuples 

(n.  , . . . ,nM  ) of  non-negative  integers  such  that  fl.  ,S  4=  4>  . 

i ,m 

v 

Theorem  4.5  (Grcgus,  Neuman,  and  Arscott  [10,  p.  434],  Sleeman  [16,17]): 

For  the  two-parameter  problem  assume  that  C.  (1  C,  * q> , 

C,  n ext  K =•=  , and  ext  K.  n . Then  S'1  n S“  * $ for 

1 2’  12  n^  n, 

all  n ^ > 0,  n,  > 0. 


Theorem  4.6:  For  the  two-parameter  problem  assume  that  there 
exists  u-1  sucli  that  M'-a^*  < 0 with  strict  inequality  some- 
where on  [0,1],  j = 1,2,  and  3^  n ext  K-,  * , ext  Kj  n 3?  * 4> . 

I hen  there  are  integers  N*  such  that  n SL  4 4>  whenever 

j n1  n2 

nl  - Nl ’ n2  - N2* 

Theorem  4.6  was  stated  in  Richardson  [14,  pp.  32-34],  and  a 
geometric  proof  was  given  there;  however,  Richardson  assumed  that 
the  coefficients  a^j  are  analytic  and  specified  the  Dirichlet 
boundary  conditions  y^(0)  = y^(l)  = 0 =0,  6-  = it) . These 

restrictions  do  affect  the  generality  of  the  discussion  in 
Richa rdson  [14]. 

Before  proceeding  with  the  proof  of  this  result  we  need 


7 o 
L.  i. 


Lemma  4.7:  If  there  exists  such  that  < 0 with 

strict  inequality  somewhere  on  [0,1]  the  is  an  analytic 

curve  for  n > n* . 

Proof  (of  the  Lemma):  After  a rotation  which  sends  M ^ into  the 

positive  A^-axis  we  have  a^  < 0 with  inequality  somewhere  on 

[0,1].  To  prove  the  result  it  will  suffice  to  show  that  there 

exist  functions  <P  and  sets  12  c:  ]R  such  that  = 

n n n 

^7  e ft  },  f'or  a11  11  > n*- 

Let  52n  = {A®:  there  is  a A^  with  ( A ^ , A ^ ) e S^l.  Since 
®(1»Aj,A9)  is  strictly  decreasing  in  A^  for  each  fixed  A^ 

(by  comparison  theory;  see  the  arguments  on  page  5) , for  every 
A1^  £ H there  exists  a unique  A®  such  that  A^  = (A^,A®)  e . 
Define  •J1  n ( A ^ ) = A ^ in  this  way.  Fix  an  n > n*  and  consider 
the  equation  0(1;A)  - (n^+B)  = 0.  By  the  Implicit  Function 
Theorem,  to  show  that  <J>  ( • ) is  analytic  it  will  suffice  to  show 
that  3^  (1;A°)/3A]L  < 0 whenever  A®  £ S^.  It  is  not  difficult 
to  calculate  that 

30(l;A°)/9A1  = p ( 1 ) 1 J (xja^  (x)  sin20  (x;A.°)dx 

C X 

where  u(x)  = exp(-  [-p(s)*1  + A°-a.*(s)  + q(s)]sin  20(s;A°)ds) 

-1 0 1 

is  a positive-valued  integrating  factor.  Hence,  30(1;A^)/3A  < 0. 

If  30  (1 ; A11)  / 9 A ^ = o then  necessarily  0(x;A®)  h 0(mod  tt)  for 
all  x where  a^fx)  < 0.  Since  ai;L(x)  < 0 for  x in  some 
subinterval  of  [0,1]  there  is  a contradiction  with  the  fact  that 
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O(Xq)  h 0 (mod  it)  implies  b'(Xy)  >0.  B 

Somewhat  weaker  versions  of  this  lemma  have  appeared  in 
Sleeman  [16],  Faierman  [5],  and  Richardson  [14,15]. 

Prop f (of  Theorem  4.6):  Since  there  is  a u*  such  that 
U^-a  < 0 with  strict  inequality  somewhere  on  [0,1],  necessarily 
Kj  * {0}.  By  Theorems  3.3,  3.4  we  can  conclude  that  for  n > n* 
the  curve  S^  is  unbounded  and  asymptotically  parallel  to  the  ray 
or  pair  of  rays  which  forms  3^,  where  n*  is  the  minimum 
oscillation  number  for  the  first  problem.  Similarly,  the  S^ 
have  the  same  properties  with  respect  to  3.,  for  all  n > n*  . 

Recall  now  from  the  proof  of  Theorem  3.4  (see  page  14  ) the 
definition  of  Y(’)  in  terms  of  polar  coordinates,  i.c., 

Y:  A = (r  cos  Y,  r sin  Y)  K Y € [0,2^). 


Let  3j  = j^T  u = (the  union  of  at  most  two  rays)  , 

= .^(Av)  with  | At  | = 1,  and  yj  = Y(At).  For  convenience 

assume  that  y ."  < y+ , j = 1,2.  We  can  assume  that  y*  < Yi, 
j - j l - 

without  loss  of  generality. 


We  note  that 

if 

Y1  Y2 

then  either  Kj  c 

or  K2  c Kr 

contradicting  the 

hypotheses 

3.  fl  ext  K,  * fl)  and 

X z 

ext  K j fl  3 * <J> . 

So , 

w i t h o u t 

loss  of  generality,  Y^ 

< Y-,.  Also, 

Y^  < Y-,,  because  if  otherwise  then  . 

Let  us  define  now  Y • = Y+  and  Y.  = yT  + 2^,  i = 1,2. 

J J J J 

The  hypotheses  imply  y^  < y2  < < Yj  < y2-  Let 


The  latter  can  only  occur  when  a, ,a,  are  linearly  dependent  and 

i z 

Kj  = 5^  = {X;  X-aj*  = 0 on  [0,1]}.  The  hypothesis  "there 
exists  M ^ such  that  M*-aj*  5 0 with  strict  inequality  somewhere 
on  [0,1]"  precludes  the  latter  possibility.  A similar  statement 
holds  for  K?. 

Let  now  N*  = max { n > 0:  S-1  n K.  * 41 } for  j = 1,2.  Be- 

j - n j 

cause  0.(1;*)  is  bounded  on  by  Qj (1;0) , we  can  conclude 

: k 

that  N:  < TO. 

ii  2 

Let  us  fix  any  n.  > N.  and  n,  > N,.  Tor  any  set  G c 1R 

1 " 1 Z “ L. 

define  Y(G)  = (Y(g):  g £ G).  Ry  the  definitions  of  the  NL  we 

have  that  Y(Sj*  ) D [ Y ~ , so  that  Y(S^  ) c [0.Y-)  U (y*,2it) 

j J J j J J 

for  j = 1,2.  The  inclusion  is,  in  fact,  equality  because  S-1 

nj 

is  a continuous  curve,  by  Lemma  4.7  proven  above,  and  asymptotically 

parallel  to  the  ray(s)  of  3j , by  Theorem  3.4. 

Let  us  define  now  two  "wrapped -a round- [ 0 , 2 u) " forms  of  Y ( • ) 

1 2 

appropriate  to  S ,S  , respectively.  We  let 

nl  n2 


2 5 


Yj  (X) 


Y(X) 

X £ SJ 
n . 

and 

j 

2it  + Y(X), 

X £ S2 
n • 

and 

Y(.\)  € (Yj  , 2n) 
Y (A)  £ [0  , Y j ) . 


With  this  definition  we  have  Y-(S2  ) = (Y*,Y-)  <=  [0,4n). 

J j . J 

Recall  the  choice  of  n.  Because  is  asymptotically 

parallel  to  3.,  j = 1,2,  there  is  an  R > 0 sufficiently  large 
that 


| A | > R,  X £ Sjn  implies  Yj  (A)  £ (Yj,Yj+n)  U (Yj-n,Yj) 


and  also  there  exists  Uj 


p j | = R , and 


j J,V 

Yj(M-)  £ (Yj,Yj  + n),  Yj(R-)  £ ( Y j - n , Y j ) . We  have,  by  the 
definition  of  n,  the  inequalities 


(4.5)  yx  < Y^uJ)  < y2(m2)  < y2  + n < y‘  - n < Yx(u^)  < y,(p2). 


Define  now  two  curves  I-  = ( (>  • (A)  , | X | ) : X e SJ_)  in 

J J j 

[0,4i')  x (0,°°).  These  curves  are  analytic  because 


S1  S2 
nj  ,C5n2 


arc  analytic.  This  last  fact  was  proven  in  Lemma  4.7  using  the 

hypothesis  "there  exists  u2  such  that  We  note  that 

(i)  (Yj(up,R)  £ Ij  , £ = ± , j = 1,2,  and  (ii)  |X|  < R whenever 

X e S-1  and  Y • (X ) £ (Y  • + n,  y”  - n)  . From  these  two  facts  we  will 
j J J J 

conclude  that  there  is  a point  (Y*,r*)  £ fl  l-,,  which  implies 
there  is  the  point  (r*cos  Y*»  r*sin  Y*)  £ S'"  (1  , as  desired. 


1 

26  j 


i 

[ 

[ 

f 


We  focus  our  attention  on  the  interval  I*  = [Y*+n,Yi-n], 
and  Jefine  A-  = E:  n {A:  Yj(A)  € I*}  <=  {A:  |A|  < R),  by  (ii). 

One  may  refer  to  figure  1 found  on  page  38.  If  we  assume  that 

n J,  = <p , then  either  (a)  Aj  lies  above  A,,  or  (b)  A.,  lies 

above  A^.  Here  by  "A^  lies  above  A,"  we  mean  that  A-'  6 A^ 

and  Yl(A  ) = Y ->  C A “ ) implies  ] A 1 | > | A “ | . In  case  (a),  continuing 

along  the  curve  Ej  above  E ■>  we  conclude  that  there  is  a 
M 6 Ex  such  that  Y ^ (u ) = Y2(M2)  and  |u|  > R,  giving  a 
contradiction  with  (ii).  In  case  (b) , continuing  along  the  curve 
E,  above  E^  we  conclude  there  is  a M £ E->  such  that  Y-,(m)  = 
YjCMj)  and  In | > R,  giving  a contradiction  with  (ii). 

This  concludes  the  proof  of  the  theorem.  ■ 


We  note  that  the  statement  "3^  f>  ext  K,  * 9 and  ext  k^  n 
3,  * 9"  is  equivalent  to  "Kj  4:  K and  K <fc  k^". 

It  will  now  be  shown  that  for  the  two-parameter  problem 
Theorem  4.6  is  the  strongest  result  in  the  literature.  Aside 
from  this  we  note  that,  upon  assuming  there  exist  p-1  such  that 
p-’-a.*  < 0 with  strict  inequality  somewhere  on  [0,1],  j = 1,2, 
Theorem  4.6  is  "close  to  sharp"  by  recalling  Theorem  4.2 
(Necessary  Conditions)  and  the  example  which  follows  it  on 
page  19  . 


It  will  be  shown  in  Section  5,  that  C * 9 implies 
int  k = C , and  we  will  use  this  fact  in  the  discussion  below. 
We  note  also  that  C *9  implies  the  minimum  oscillation 
number  n*  = 0. 


J 


0. 
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First  of  all  we  compare  Theorem  4.b  with  Theorem  4.3 
(Right-Definiteness).  It  is  known  that  I A I sign-definite 
implies  that  Cj  n * <f  and  Cj  DC*  * <f  , from  Slecman  [IS, 
pp.  204-205).  To  begin  with,  kj  K,,  because  if  kj  c k we 

would  have  4>  * C*  D c = int  k^  c k^  c ext  C,  and 
C*  fl  Cj  <=  C2.  The  same  argument  shows  that  k,  <t  kj.  Theorem 


* 12 

4.0  shows  that  there  exist  N.  >0  such  that  S fl  S“  * ♦ 

J * " i n , 

. . v * ..  ....  , , . . 


whenever  n j > N^,  n,  > N,.  From  Theorem  2.2  there  exists  a 

0 — ..  r\  * ...  r ' a.  1 . . 1 ..  — .-I  _ . ..  t i . \ _ r r a.  i.  _ 


A £ Cj  n C,  sufficiently  large  that  . ( 1 ; o ) < 3-  for  t lie 
translated  problems 


0 j ( x j ; u ) = p j 1 c o s “ d j ♦ (p-a  + (AU . a + q) ) s i n"u . , ' 


A A 

j = 1,2.  With  this  we  have  Nj  = N,  = 0.  This  gives  the  conclusion 


of  Theorem  4.3,  except  that  no  uniqueness  is  shown. 

Second  of  all  we  compare  Theorem  4.0  with  Theorem  4.4 


(Left-Definiteness).  For  N = 2 the  assumption  (4.4)  reduces 


, „ ^ 0 * 0 * 0 0 
and  0 < Uja,j  + p,a,n  = + u^a 

...  , ..0  . 0,  „ _ + 


0 

0 * 

0 

* 

0 

< Mlal  1 

♦ M 

2a 

12 

Ula2 

all 

, o 

= -(Uj 

3 1 2 

- 

0 

M2all 

). 

♦ 

? * 

As  we 

saw 

above , 

this 

*21 


implies  that  (by  Theorem  4.0)  there  exist  Nj  such  that 


S'  n S * $ whenever  n.  > N"  n,  > NZ.  Recalling 
• »j  n f 1 • l L m l 


definition  of  the  N.'s  and  using  the  other  Lcf t - Def i ni teness  hy- 


pothesis (4.3)  we  conclude  that  N*  = N*  = 0. 

Third  of  all  we  compare  Theorem  4.6  with  Theorem  4.5 


2 


i 
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' 

i 


(Gregu^  et  al.).  The  assumption  that  M Cj  n ext 
int  k^  fl  ext  K,  implies  that  Kj  <fc  K-,,  and  <t>  * ext 
implies  K,  <t  K.  . This  shows  the  existence  of  the 
Theorem  4.6;  as  before,  a translation  by  a A0  £ Cj 
that  N?  = N*  = 0. 

X it 


1 


IX- 

L 

K 

N* 

J 

n c 


n c2 

from 

2 shows 


Richardson's  second  article  [15]  possibly  extends  his  result 
to  the  three-parameter  problem,  and  the  claim  is  made  there  that 
the  method  of  proof  extends  to  the  N-parameter  problem  , as  well. 

It  is  difficult,  however,  to  decide  if  the  method  is  correct  for 
N > 5 because  both  of  Richardson's  articles  [14,15]  contain  in- 
accuracies. The  simplest  mistake  is  the  assumption  of  convexity, 
both  implicitly  in  the  pictures  in  [It]  and  explicitly  in  the 
arguments  in  [15].  Also,  the  technique  of  cutting  the  eigen- 
surfaces  with  planes,  for  the  three-parameter  problem,  seems 
cumbersome,  if  not  impossible,  to  use  in  the  general  N-parameter 
problem.  In  spite  of  this,  we  must  admit  that  it  is  possible  that 

useful  work  in  Richardson  [15]  which  remains  to  be  discussed. 

The  result  of  Gregu^  et  al.  can  be  generalized  into  an 
N-parameter  result,  Theorem  4.8.  This  result  has  a Corollary  4.9 
for  the  three-parameter  problem,  and  an  example  is  given  to  show 
that  the  corollary  is  not  vacuous. 


Theorem  4.8:  Tor  N > 3 let  there  be  integers  1 < k,  i < N 
such  that 


(4.6)  (a)  a^  j > 0,  a£  1 > 0 on  [0,1]. 
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(b)  detU^ (xi)) i+k>£  is  sign-definite 

J*i!n 

(4.7)  det(aij (xi))i#k  , det (a^ (x . ) ) .+£  are  sign-definite 

j *N  j*N 

(4.8)  Ck  fl  ext  * $ and  ext  K^,  (1  M. 


Then  D‘^  ,S^  * <P  for  all  n.  > 0,...,nM  > 0. 

l =1  n . 1 - ’ N - 


Proof : Fix  any  choice  of  n^  > 0,...,n^  > 0,  and  define 

Sk  * nj*A.’  St  - nj,tsi.'  Note  th«  Sk  " S«  ‘ nj  = lSn.' 

J J J J J 

Using  hypothesis  (4.7)  and  Theorem  4.3  (Right-Definiteness),  for 

all  XN  € 1R  there  are  unique  <Pj>k(*N),  <Pj  £(XN),  j = 


such  that  4>£(X^) 


defn 


- ‘ ‘ ’^N-l.k^lP  »AN^  £ Sk  and 


defn 


^ ^ d°=  " C(?1^(^N)  , . . . >XN)  £ Sr  We  show  that  these 

functions  are  analytic:  Let  ^j(XjjX)  be  the  angle  function  for 
the  j^1  problem.  We  want  to  solve  the  (N-l)  equations 
(V1(A),...,Vk_1(A),  Yk+1(A),...,YN(X))  = 0 eil^'1  where 
^j(X)  = ^ j ( 1 ; X ) - (n^n+g^).  We  know  that  4>k(X^)  a soiuti°n  f°r 

all  e 1RN,  so  it  only  remains  to  show  that  these  solutions  form 

an  analytic  curve  parametrized  by  X . This  will  follow  from 
the  Implicit  Function  Theorem,  since  the  Jacobian  is 

det(3V.(X)/8Xj)i  + k = det  (u  ^ (1)  " ^ j u i (x.)  ai  . (xA ) s in2e  . (Xi  ; X ) dxi ) . +J. 

j*N  0 j*N 


..  I det(aii  (xi))i  + k*  II  ((hi(xi)sin,i0i(xi;X)dxi/qi(l)) 
0 ' j *N 


* 0 by  hypothesis  (4.7), 


30 


> 


where  are  integrating  factors,  as  in  the  proof  of  Lemma  4.7. 

Exactly  the  same  argument  applies  to  ^^n^’ 

N 

By  hypothesis  (4.8)  there  exists  X,  X_  e ]R  such  that 


(i) 

X " ak* 

< 0 

and  X • a^* 

has  a positive  maximum, 

and 

(ii) 

-*  ak* 

has 

a positive 

maximum  and  X-a^*  < 0- 

We  can 

conclude , 

using 

the 

hypothesis 

(4.6) (a),  that  there  are 

constants 

t , t_  > 0 sufficiently  large  that  9-^  > tX^  > <p  ^ ^(tX^) 

and  4^  ^(tX^)  > tX^  > 9 ^(tX^).  By  continuity  there  exists  a 

XN  such  that  *l,k(XN>  * *l,)l(XN)- 

Now  consider  the  (N-2)  problems  9^(X)  =0,  i * k,  i * £. 

Using  hypothesis  (4.6) (b),  Right-Definiteness  implies  that  for 
all  (X J.xjj)  6 1R",  there  is  a unique  (Xd,...,Xd € ]R^  “ such 
that  X°  = (xj,...,x{j)  € Huk  de£n  S.  In  particular,  choose 

X1  ‘ *l,klXM5  * *l,dXN)-  XN  ' XN-  Then’  sincc  VO  6 Sk  = S 

* 0 
and  c:  S,  the  uniqueness  of  X^,  i 4=  1 , i 4=  N 

implies  that  ^(X^)  = <i>£^n^  G S.  Tli i s proves  the  existence 

of  an  eigenvalue,  as  desired.  H 

Corollary  4.9:  For  the  three-parameter  problem,  if  > 0, 

3p  < 0;  a^k  > 0,  a17  > 0;  a31  > 0,  > 0;  and  C2  fl  ext  * <p , 

ext  K-  n C,  * <t> , then  n S'"  n * 9 V n.  > 0 , n~  > 0 , 

Z n | n j n j 1 Z ~ 

n3  - °* 
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J 


Proof : Take  k = 2,  £ = 3.  Note  that  (i)  a 


> 0 , a 


> 0,  and 


31 


det(aij>i*2,3  = a12  < 0 
j ♦!  , 3 


(ii)  det  (a±j ) i + 2 
j*3 


dctlaij>i,3 


j*3 


a 1 1 

al2 

> 0 

and 

_a31 

a32_ 

"all 

a 1 2~ 

> o, 

and 

_a21 

a22_ 

theorem . 


Example : The  following  satisfies  the  hypotheses  of  Corollary  4.7: 


all 

al2 

a 1 3 

2 

_ 2 

' 

-200 

a21 

a ? 2 

a23 

= 

3-2x2 

2 

2 

a 3 1 

a3  2 

a-7 

o3 

2 

3-2x3 

2 

lias  (0,0,1)  6 C,  D ext  and  (-180,100,1)  £ ext  fl  C,. 

In  this  example  | A | (x ^ , x, , x ^)  = 40  - 8(x-,  + x^)  + 200*(4- 
(3-Zx,)  (3-2x3))  so  that  IaUxj.1,1)  = 624  > 0,  | A | (x^,0,0)  = 

-960  < 0.  So  Right -Definiteness  is  not  satisfied.  Since 
(1,0,0)  € Cj  n C-,  n C,,  by  Theorem  5.2  (to  be  proven  in  Section  5) 
the  Left-Definiteness  condition  (4.4)  is  not  satisfied,  either. 

This  shows  that  the  corollary  is  a new  result,  and  so  is  the  theorem 
from  which  the  corollary  is  derived. 
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Section  5:  Define  cones  K = {A  e ]R^:  X-aCx)  5 0 for  all  x £ [0,1]}, 

C"  = {X  £ ]RN:  X • a ( x ) < 0 for  all  x £ [0,1]}.  Since  we  always  assume 
that  not  all  of  the  a^  are  trivial,  necessarily  X-a(x)  = 0 

for  all  x £ [0,1]  implies  X e 9 = 9K.  In  particular,  0 £ 3. 

There  is  a technique  which  helps  the  geometrical  investiga- 

N 

tion  of  the  cones:  Let  a(x)  = (a^ (x) , . . . , a^  (x) ) £ 1R  and  define 

N 

the  row  range  F = (a(x):  0 < x < 1}  = (a  closed  subset  of  IR  ) . 

This  idea,  in  an  abstract  setting  involving  quadratic  forms,  also 

appears  in  Atkinson  [ 1 , p.  162]. 

Define,  for  any  z £ 1R^ , a set  L fz)  = (y  £ 1R^:  y-z  < 0} 

where  • is  the  Euclidean  inner  product.  Whenever  z * 0, 

N 

L (z)  is  a closed  half-space;  also  L (0)  = 11  . When  z * 0, 
int  L (z)  = { y : y-z  < 0}  is  an  open  half-space.  We  see 
immediately  that  K = fl  £pL  (Y)  . We  also  see  that  (i)  when 

0 £ T,  necessarily  C = <P , (ii)  when  0 € F,  necessarily 
C = O^pint  L (Y)  . This  leads  to 

Theorem  5.1:  Either  C = >p  or  C int  K. 

l’roo f : When  OCT  we  must  show  that 

Pl^pint  L (y)  = C = int  K = int  D^£pL  (Y)  . 

(i)  If  X°  £ C , let  -d  = maxYepX°.y  < 0,  |r|  = maxY£p|y| 
and  let  B be  the  open  ball  about  X^  of  radius  d/(2|r|). 

Then  B c L"(y)  for  all  Y £ r,  so  that  X £ int  K. 
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(ii)  If  A0  £ int  K,  there  is  an  open  ball  B about  A® 
with  B c n>erL  (7).  Then  A0  £ int  L'(Y)  for  all  y £ r,  so 
that  A°  £ C\  ■ 

Recall  now  condition  (4.4),  a Left-Definiteness  assumption 
about  the  coefficients  a..  for  a system  of  Sturm- Liouvil le 
problems,  and  the  condition  of  Right-Definiteness,  i.e.  that  the 
determinant  I A I ( x ) = I A I (x^ , . . . ,x^)  be  s ign-def i nite . We  have 

I heorem  5.2:  If  O L = 1^1  * ^ > tllcn  Lef  t -Def  initeness  (4.4) 
implies  Right- Definiteness. 

Proof:  For  any  N * N matrix  B = (b.^)  let  us  define  the 

cofactor  cof  B = (b*  ) = ( ( - 1 ) 1 + ^dct (b  ) .),  the 

ij  v rsTtr  ’ 

s*j 

adj uga tc  adj  B = (cof  B)  ' , T = transpose,  and  the 
rank  r(B)  = dim  Range  (B) . 

Since  there  is  a A0  £ n^_jCj,  there  is  a rotation  0 which 
maps  A°  into  the  positive  Aj-axis,  so  that  the  first  column  of 
the  matrix  A(x)  0 consists  only  of  negative  entries,  where 
A(x)  = (aj  j (*j) ) i = 1 j = i-  wiH  need  the  fact  that 
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cof(A(x)  O)  = cof(A(x))0,  which  can  be  found  in  Eves  [4,  p.  156 
#3.10.12  and  p.  206  #4.6.7]  using  the  fact  that  = O 

Suppose  now  that  contrary  to  Right-Definiteness  there  is  an 
x such  that  IAI(x)  = 0,  and  proceed  to  show  that  there  is  a 
contradiction.  Denote  B = A(x)  ©. 

Since  r(B)  < N - 1 we  can  conclude  that  r(cof  B)  < 1, 
using  a fact  about  adj  found  in  Eves  [4,  p.  155].  Left- 
Definiteness  (4.4)  can  be  stated  as:  There  exists  £ 1R^  such 
that  cof(A(x))p11  £ (0,°°)  * ...  x (0,°°).  This  implies  that 
r(cof  B)  > 1,  and  this  implies  that  r(cof  B)  = 1.  There  must 
be  a vector  0 * c £ IR1''*  and  constants  ^ ® such  that 


c o f B = 


IVe  then  have 


V 


(cof  A(x))p°  = (cof  B)  O'V 


(Oc)  V’ 


£ (0 ,°°)  x 


x C 0 ,«>) 


From  this  we  conclude  that  a . . . a are  all  non-zero  and  of 

1 N 

the  same  sign. 

N * 

From  elementary  properties  of  the  determinant,  0 = jb^^b^^ 

whenever  k * 1 and  det  B = I^^b^b^.  Since  0 = det  B,  we 
have  for  every  k 


0=1.  .b-.b*  = c,  .b.^u. 

i=l  ll  lk  k i=l  ll  l 
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By  the  use  of  the  rotation  0 we  have  < 0 for  all  i, 

all  of  the  u^'s  are  non-zero  and  of  the  same  sign.  Thus, 
Cj.  = 0 for  all  k.  This  gives  r(B)  = 0,  and  there  is  a 
contradiction.  ■ 
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